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An inconsistency is pointed out within Quantum Mechanics as soon as successive joint measure- 
ments are involved on entangled states. The resolution of the inconsistency leads to a refutation of 
the use of entangled states as eigenvectors. Hence, the concept of quantum teleportation, which is 
based on the use of such entangled states — the Bell states — as eigenvectors, is demonstrated to be 
irrelevant to Quantum Mechanics. 
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' In Quantum Mechanics, the physically meaningful operators are hermitian operators, that is, operators having 
only real eigenvalues, this because a measurement performed on a single system is always observed as a real number. 
However, when two measurements are respectively performed on two distinct parts of a whole system, the result of 
such a joint measurement can no longer consist in a single real number, but in a couple of real numbers (a, b) instead, 
a and b being the results of the measurements respectively performed on the first and second subsystems. Yet a joint 
measurement is represented in Quantum Mechanics by a tensor product observable, so that because of the linearity 
of tensor product Hilbert spaces, the eigenvalue attached to one of its eigenvectors is a single real c, the computed 
value of the product ab. The point is that the factorisation of a real c into a product ab is not unique, so that 
two physically distinct eigenvectors can happen to have the same eigenvalue c. It will be shown in this article that 
this correlation degeneracy leads to an inconsistency within Quantum Mechanics, as soon as joint measurements are 
involved on entangled states. In particular it will be shown that the concept of quantum teleportation originates in 
• this inconsistency. 

Oh 

+L ■ 2. EIGENVECTORS AND EIGENVALUES OF TENSOR PRODUCT OBSERVABLES 

c ■ 

Let S be a physical system constituted of two distinct subsystems Si and S 2 . These subsystems are brought 
q-i arbitrarily far from each others. Let Hi and Hi be the Hilbert spaces associated with subsystem S\ and S% respectively, 
kJ ' so that the whole system S is represented within the tensor product space H = Hi <£> H%. 
. ! A measurement of a variable A, represented in Quantum Mechanics by an observable A, is to be performed on 
subsystem Si, while a measurement of a variable B, represented by an observable B, is to be performed on subsystem 
S2. The observables A and B have both a non degenerated spectrum as: 

A\u.i) = a,i\ui), (1) 

and 

B\vj) = bjlvj). (2) 

The Hilbert spaces Hi and Hi are respectively span by the sets of eigenvectors {|itj)} and and H is thus 

spanned by the set of tensor products of these eigenvectors {\ui) ® \Vj)}. 

The tensor product of these observables A (8 B is axiomatically defined (see Cohen- Tannoudji et al [Q) as 

{A®B)\<p)®\x)=A\<p)®B\x), (3) 
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where \ip) ® \x) is any vector of the tensor product Hilbert space H. This axiomatic definition implies 
straightforwardly]!) that 

A®B = {A®t 2 ){t x ®B), (4) 

where \ x and \ 2 are respectively the identity operators of Hi and Hi, which means that the tensor product of 
observables A <g> B is explicitly equivalent to a product of commuting tensor product observables, the first one A ® H2 
meaning that a measurement represented by A is performed on subsystem Si, leaving subsystem £2 unchanged, 
and the second one li (g> B meaning that a measurement represented by B is performed on subsystem S2, leaving 
subsystem Si unchanged. 

Since it is equivalent to a product of commuting observables, this tensor product of observables A ® B is therefore 
an observable too. Its eigenvectors are trivially the tensor products of the eigenvectors of A and B, that is, 

(A®B) \ui) ® \vj) = A\m) <g> B\vj) 
= a t \ui) (g> bj\vj), 

and because of the linearity of the tensor product Hilbert space Hi ® H2, this equation can be written as: 

(A(g>B) \ui) <g> \vj) = aibj\ui) <g> \vj), (5) 
which means that \v,i) (g> \vj) is an eigenvector of A ® B, and that its corresponding eigenvalue is the product aibj. 



2.1. Entangled eigenvectors 

However, there can exist other eigenvectors associated with the observable A ® B. The point is that for any 
observable, a linear combination of eigenvectors associated with the same degenerated eigenvalue A is an eigenvector 
of this observable as well, with the same corresponding eigenvalue A (see Cohen- Tannoudji et aZ.0). Hence, let 
\uk) ® \ v i) an d \u m ) ® \v n ) be two distinct eigenvectors of A ® B, that is, 

\uk) ® 7^ l M m) ® |u„). (6) 

sharing nonetheless the same degenerated eigenvalue A as: 

a-kh = a rn b n = A. (7) 

This correlation degeneracy between \uk) <8> \vi) and |w m ) ® implies that a linear combination \ip) of these two 
eigenvectors: 

|V>) = ® + a 2 \u m ) ® \v n ), (8) 

is an eigenvector of A £g> B as well. Indeed, 

= ai(i(g)S)|ufc) O |«i> + a 2 (A®B)\u m ) O |«„> 
= ai X\uk) <8 + «2 A|u m ) (g) |« n ) 

and finally: 

(i(8BM=A|V). (9) 

It must be stressed that this vector |^>) cannot be factored. Suppose for instance that \uk) = \u m ). Then a& = a.,„, 
so that Eq. (^) implies 6; = b n , and since the bj are non degenerated eigenvalues, it implies \v{) — \v n ), and therefore 
\uk) ® = |w m ) ® which is contradicting the above condition (^|). In other words, is an entangled vector. 

Therefore, Eq. (^|) means that the entangled vector is an eigenvector of A®B. Hence, ai®S measurement 
performed on a system initially in the entangled state \il>) gives with certainty the measurement result A, and the 
system remains after this measurement in the initial state \ip). In other words, the correlation degeneracy of Eq. 

implies that A (£> B is a non demolition measurement for the entangled state The main question that will 
be addressed in this article is of the relevance of Eq. (Q) , that is, whether it is meaningful or not to understand an 
entangled vector as an eigenvector of a tensor product observable A ® B. 
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2.2. Joint measurements on entangled vectors 

Although mathematically consistent with Quantum Mechanical formalism, this non demolition prediction can ac- 
tually be questioned on a physical ground, by taking count of the local measurement results, that is, of the fact 
that a A ® B measurement means that Alice performs a A measurement on subsystem Si while Bob performs a B 
measurement on subsystem S2, as expressed in Eq. (^). The point is that although the eigenvectors \uk) ® and 
\u m ) ® \Vn) oiA®B do share the same degenerated eigenvalue A, they can nevertheless be distinguished by the A®B 
measurement alone, simply by asking Alice and Bob what were exactly the local measurements they did record each. 
They can unmistakably make a distinction between \uk) ® \vi) and \u m ) ® \v n ), since the eigenvalues of A and B 
are not degenerated (i.e., Alice can distinguish a,k from a m , and Bob can distinguish bi from b n ). The correlation 
degeneracy of the eigenvalue A associated with the A® B measurement is therefore not physically meaningful since it 
can be resolved by th is ve ry A ® B measurement alone. Hence, the non demolition prediction for the entangled state 



\ip) obtained in Sect. 2.1 should be questioned as it originates in this correlation degeneracy. 

Indeed, suppose a physical system is prepared in the entangled state \ip) of Eq. (^), with a normalisation condition 
I cti 1 2 + |ct2 1 2 = 1, and that Alice and Bob are to perform a A® B measurement on this system. According to the von 
Neumann reduction postulate the two possible joint measurement results are: 

• Alice records while Bob records bi, in which case Alice knows with certainty that after her A measurement 
the subsystem S± is in the state |itfc), while Bob knows with certainty that after his B measurement the system 
S2 is in the state \vi), so that the state of the whole system after the A ® B measurement is |V>i) = \ u k) ® \vi). 
The probability to record this joint measurement results is 

V k ,i('>P) = \{(uk\®(vi\)\ip)\ 2 = \a 1 \ 2 . (10) 

• Alice records a m while Bob records b n , in which case Alice knows with certainty that after her A measurement 
the subsystem S\ is in the state \u m ), while Bob knows with certainty that after his B measurement the system 
S2 is in the state \v n ), so that the state of the whole system after the A® B measurement is \i/j' 2 ) = \u m ) ® \v n ). 
The probability to record this joint measurement results is 

V m , n {lp) = \((u m \ ® (« n |)|V)| = l«2| 2 - (11) 

Hence, & A® B measurement performed on an entangled system transforms it either into a system represented by 
the state = \iik) ® \vi) or into a system represented by the state \il>' 2 ) = \u m ) ® \v n ), depending on the measurement 
results recorded by Alice and Bob, which means that the A® B measurement is a demolition measurement for the 
entangled state \ip), contrary to what was suggested by Eq. (^|). Therefore, the use of correlation degeneracy, which 
is responsible for the incorrect understanding of the entangled state as an eigenvector of A ® B, is physically 
meaningless and must be discarded. 

2.3. Joint Eigenvalues 

The correlation degeneracy originates in the linearity of tensor product Hilbert spaces, that is, in 

<*\<p)®0\x) = («/%>> ®|X>, (12) 

where a and (3 are any complex numbers. As seen in Sect. |2.2| , when these numbers are eigenvalues, this computation 
of two localized real eigenvalues into a non-localized single eigenvalue A makes no physical sense since a part of the 
information is arbitrarily lost in the process, although this loss has no physical counterpart. Thus, in order to get 



only physically meaningful predictions, such as those of Sect. 2.2, the proposal of this article is to slightly change 
Quantum Mechanical formalism for joint measurements, so that a joint measurement can no longer be associated 
with only one single computed eigenvalue A, but with a couple of eigenvalues (a, /?) instead, that is, a joint eigenvalue 
axiomatically defined as: 

(a,f3)\v)®\ X ) = a\v)®P\x), (13) 
so that the eigenvectors of A ® B are such that 

(A®B)\ui)® \vj) = (ai,bj)\ui)® \vj), (14) 
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which reads as follow: (<Zj, bj) is the joint eigenvalue associated with the eigenvector \m) ® \vj). The advantage of this 
notation is that the physically distinct eigenvectors \u k ) <8> \vi) and \u m ) ® \v n ) are no longer associated with the same 
degenerated eigenvalue A, but with distinct joint eigenvalue instead: 



(A ® B)\u k ) (g) \vi) = (a k ,bi)\u k ) ® \v t ) 
(A ® B)\u m ) ® \v n ) = (a m ,b n )\u m ) ®\v n ), 



(15a) 
(15b) 



with (afc, 6;) ^ (a m j b n ), meaning that these joint eigenvalues are non degenerated, as {a^} and {bj} are non degener- 
ated spectrum. 

With this explicit notation, the physically meaningless loss of information due to the use of correlation degeneracy 
is avoided, and the entangled state \ip) no longer appears deceitfully as an eigenvector of A® B since the eigenvectors 
it is made of are associated with disti nct joint eigenvalues. This allows conveniently t o re cover directly the correct 
physical predictions given in Sect. \2. 



2.1 



without allowing the wrong predictions of Sect. 
Unfortunately, these wrong predictions based on correlation degeneracy seem at first sight so mathematically correct 
that there exist many examples in the recent literature of such an implicit misuse of Quantum Mechanical formalism, 
among which are the famous Bell states and Quantum Teleportation. 



3. APPLICATION TO THE BELL STATES 

The Bell states |3| are entangled states defined within tensor products of spin Hilbert spaces. Spin measurements 
can be represented within spin Hilbert space by the Pauli matrices a x , a y , and a z (to simplify notation, h/2 is set to 
1 throughout), with the following eigenvectors and eigenvalues: 

(16) 
(17) 
(18) 



<7z 


l±> 


= ±l±> 




l±>- 


= ±l±>- 


a y 


\±)v 


= ±l±>» 



and the eigenvectors of a x and a y can be written within the z-basis 



I-)} as 



\±) 



± 



1 

71 
i 

71 



l+>± 



±* 



(19) 
(20) 



The tensor product Hilbert space Tt = Hi <g> Ti.2 where the Bell states are to be written can thus be spanned by 

the product basis formed by the four eigenvectors {| + +), | H — ), | — h), | )} associated with the tensor product 

observable a z ® a z . 



3.1. Bell states with correlation degeneracy 



With the use of correlation degeneracy, the eigenvector of a z 
+1 as: 



i a z have two possible degenerated eigenvalues — 1 or 



G z ® <J Z 

a z ® a z 
a z (g> a z 
a z ® a z 



-) = + 

-> = -! + -> 

-> = 

-> = +1--), 



(21a) 
(21b) 
(21c) 
(21d) 



that is, on one hand | H — ) and | — h) are eigenvectors associated with the degenerated eigenvalue —1, and on the 

other hand | + +) and | ) are eigenvectors associated with the degenerated eigenvalue +1 (see Eq. 0). 

Hence, akin to what was done in Sect. 2.1, one can build other eigenvectors of a z ® a Zl by combining eigenvectors 

), that is, two normalized states \^ + ) 
1: 



associated with the same degenerated eigenvalue (see Eq. 
with eigenvectors (21b) and (21c) associated with the degenerated eigenvalue 



and 1^ ) made up 



|*+) 
|*-) 



1 

71 
i 

71 



(22a) 
(22b) 
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and two others normalized states |$ + ) and |$ ) made up with eigenvectors ( [21a| ) and (21d) associated with the 
degenerated eigenvalue +1 : 



|d>+) 
\<P-) 



1 

i 



These are the so called Bell states ||, and one can verify easily that these vectors are orthonormal 
can apparently be used as basis vectors to span the tensor product Hilbert space H. 



(23a) 
(23b) 
so that they 



Following the argument of Sect. 2.1, one can make use of the fact that a Bell state is built up exclusively with 
eigenvectors of <r z ® a z associated with one degenerated eigenvalue, so that it is an eigenvectors of a z ® a z as well, 
with this same eigenvalue (see Eq. ||): 

a z ® a,]**) = (24a) 
a z ^a z \^) = +1^), (24b) 
and with the help of Eq. (JToj) , the Bell states can be shown to be eigenvectors of the observable a x ® o~ x too: 

a x ® a x |* ± ) = ±|*±), (25a) 
a x ® a x \^) = ±1^), (25b) 

(See Cabello || for instance), which means that a z <g> o~ z and a x ® a x are non demolition operators for the Bell states. 
An important consequence is that for any state \ip) written within the Bell state basis, the following equation holds: 

(a z ® o- z )(a x ® a x )\il>) = (a x ® o- x )(cr z <g> tr*)]^) (26) 

as one can easily verify with Eqs. (E4T) and (J25T), which means that o~ z <8> c z and er^ ® cr x are commuting observables: 



0. 



(27) 



However, these widely ac cept ed results |3|, g, ^, ^, || ^, ^| are based on the use of correlation degeneracy. Since 
this use was shown in Sect. 2.2 to lead to wrong physical predictions, and thus discarded, a closer analysis with the 
help of joint eigenvalues is required. 



3.2. Bell states with joint eigenvalues 



The joint eigenvalues associated with the eigenvectors of a z o z are as follow: 



a z » o z 
a z ® cr z 
a z ® (j z 



(+l.+l)l + 
(+1,-1)1 + 

(-1,-1)1 



)!-+> 



(28a) 
(28b) 
(28c) 
(28d) 



These distinct joint eigenvalues make explicit the fact tha t Alice and Bob can unmistakably discriminate these states 
by means of the o~ z ®o~ z measurement alone (see Sect. 2_^) since they can both make a distinction between a +1 result 
and a —1 result. The eigenvectors of o z ® a z are therefore no longer associated with degenerated eigenvalues, but 
with non degenerated joint eigenvalues instead, so that they can no longer be combined to form other eigenvectors. 
Hence, the Bell states no longer appear deceitfully as eigenvectors of a z (£> cr z , <j x (£> o~ x , or o~ y ® o~ v . In other words, 
the Eqs. (|24|), (|25|), and ( |26| ) which are all based on the use of correlation degeneracy are therefore incorrect. 

To pinpoint this more explicitly, sup pose Alice and Bob are to perform a o~ z ®o~ z measurement on a system initially 
in the singlet state l^ - ) of Eq. ( |22b| ). In this state, | H — ) corresponds to the joint eigenvalue (+1,-1), whereas 
| — h) corresponds to the joint eigenvalue (—1, +1). Hence, according to the projection postulate, the measurement 
results recorded by Alice and Bob are either given by: 

• the joint eigenvalue (+1, —1), meaning that Alice records +1 while Bob records — 1, in which case Alice knows 
with certainty that after her a z measurement the subsystem S\ is in the state |+), while Bob knows with 
certainty that after his a z measurement the system 5*2 is in the state |— ), so that the state of the whole system 
after the a z ® o z measurement is |^) = | H — ). The probability to record this joint measurement result is 



-I*- 



1 

2' 



(29) 
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the joint eigenvalue (— 1, +1), meaning that Alice records —1 while Bob records +1, in which case Alice knows 
with certainty that after her u z measurement the subsystem S\ is in the state |— ), while Bob knows with 
certainty that after his a z measurement the system S% is in the state |+), so that the state of the whole system 
after the o~ z ® a z measurement is \ip' 2 ) = | — h). The probability to record this joint measurement result is 



V- 



(30) 



Once this a z ® o~ z measurement has been performed, the system is no longer in the singlet state, it is either in the 
state = | H — ) or in the state \tp' 2 ) = | — h), depending on the measurement results recorded by Alice and Bob. 
The o~ z ® o~ z measurement is therefore a demolition measurement for the singlet state I 1 !' - ), unlike what was found in 
Sect. |y. 

This has important consequences. For instance, let's suppose the latter case (—1, +1) has been realized : Alice did 
record a —1 result, while Bob recorded +1. The state of the system after this measurement is therefore \ip' 2 ) = I — 0- 
Now, Alice and Bob are to perform the second measurement a x % a x on this system. The state of the system must 
therefore be projected onto the x-basis with the help of Eq. (jlj]), that is, 



(31) 



which means that there are four possible couples of outcomes: (+1,+1), (+1,-1), (— 1,+1), or (—1,-1), each joint 
eigenvalue having the same probability j to occur. Note that the correlation between Alice a nd B ob measu rement 
results is no longer necessarily equal to —1, unlike what would have been predicted using Eqs. (24a) and ( |25a| ). After 

this second measurement the system is in the x-basis vectors | + +) x , | H — )x, | \~)x or | ) x corresponding 

to the observed joint eigenvalue. Had the measurements been performed in the reverse order, that is, the o~ x ® o~ x 
measurement followed by the a z ® o~ z measurement, the final state of the system would have been one of the z- 

basis vectors | + +), | H — ), | — (-), or | ). Since any x-basis vector is distinct from any z-basis vector, then 

(a x (£) o- x )(a z ® cr z ) and {o~ z ® o~ z ){o~ x ® cr x ) are not at all equivalent measurements, which means that a z ® o~ z and 
a x ® o~ x are not commuting observables: 



7^0, 



(32) 



contrary to what was found in Sect. 3.1 



and most unlike what can be found in the literature. Note that since the 
incorrect commutation prediction of Eq. ( p7|) was due to the implicit use of correlation degeneracy, the use of joint 
eigenvalues would have directly prevented from such a mistake. Incidentally, this non commutation result based on 
quantum postulates is in itself sufficient to refute a class of Bell's theorem without inequalities || |[ [ll[] based on this 
physically incorrect commutation of a z ® o~ z and a x £g) o~ x , or similarly of o~ z ® o~ x and a x ® o~ z . 



APPLICATION TO QUANTUM TELEPORTATION 
4.1. Quantum Teleportation Scheme 



One of the most important use of the Bell states is made by Quantum Teleportation, as originally conceived by 
Bennet et a/Q. Basically, the principle of Quantum Teleportation is as follow: 

Step 1 — Preparation: Alice and Bob must share beforehand a system constituted of two particles, labeled 2 and 
3, prepared in a singlet state and thus written within the product space Ti. 2 <8> 'Hj, as: 



I* 



2:5/ 



1 

71 



->®l+> 



(33) 



Alice takes particle 2 with her, and Bob goes wherever he wants with particle 3 as long as particles 2 and 3 
remain entangled. Then, Alice is given an unknown state carried by a particle, labeled 1, written within a spin 
Hilbert space Hi as: 



\c/) 1 )=a\+}+b\-}, 

so that the state of the whole system owned by Alice and Bob is: 

1-0123) = \<h) ® l*23>- 

Alice's purpose is to have the state carried by particle 1 "teleported" to particle 3. 



(34) 
(35) 
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Step 2 — Projection within Bell states basis: The state of the whole system, initially written within the spin 
states basis is projected onto the Bell states basis using the Bell identity: 

i B di = |* _ X*-| + l* + X* + l + |* - X*-| + |$ + ><* + |, (36) 



that is, 

(Iseu ® hMvta) = \ ® ( - o|+) - 6|-)) + \9f 2 ) ® ( - a\+) + b|->) 

+ |$r 2 ) ® (o|+) + 6|->) + |$+ ) ® (o|+) - 6|-))] . (37) 
Note that at this point no physical modification of the system has occurred yet. 

Step 3 — Reduction of the pure state: The previous equation suggests to find a measurement capable of collaps- 
ing the pure state of the system | ^123) into either one of the following states: 

Wa) = l*r 2 >®(-0|+>-&|->), (38a) 
W b ) = l*i>®(-a|+)+6|-)), (38b) 
W c ) = l*r 2 )®(a|+) + 6|->). (38c) 

Wd) = l*i" 2 )®(a|+)-6|->)- (38d) 

Once this reduction has occurred, the exact state of the system is still unknown to Alice and Bob so that the 
density matrix representing the system is the mixture: 

1 r, 



Pl23 - 4 



mm + mm + mm + mm\ • (39) 



This reduction is the crucial step of the whole process. This point will be reviewed with more details in the 
next section. 

Step 4 — Disentanglement: Alice must determine which of the states of Eqs. (|3^) is actually the state of the 
system. For this purpose, Alice must disentangle particles 1 and 2 in order to be able to ascribe a definite state 
to each particle by means of local operations. The disentanglement is performed by a a conditional spin flip 
|L2|| , a unitary transformation Uq defined as: 

Uc = \ + -){+ + \ + I + +X+-I + I-+X- + I + I --)<-- 1, (40) 

which is a quantum-quantum interaction between Si and S2. The state of the system after this transformation 
is: 

Pi'23 = (U C ® i 3 ) Pi 23 01 ® ^) (41) 
= \ Y<0c®h)mW a \(Uc®h) (42) 

a 

which means explicitly that the system is in a mixture of the following pure states: 

m = ^(l+>-|->)®l+>®(-a|+>-&|->), (43a) 
m) = -L(|+> + |-))®|+>g(-o|+> + &|->), (43b) 
m = -L(|+)-|-))®|-) ( a |+) + 6|-)), (43c) 

m = ^=(l+> + I-)) ®|-)®(a|+) -6|-)). (43d) 

Step 5, 6 and 7 — Local Detection, Classical communication and Rotation: (These last three steps are only 
briefly described here. For more details, see for instance Lomonaco |n]]). Step 5: Once the system is in a 
product state, Alice is supposed to be able to determine by means of local detectors which state is actually the 
state of the system among the states \ijja)- Step 6: Alice communicates her results to Bob by classical means. 
Step 7: Hence, knowing in which of the above states is particle 3 accordingly, Bob can perform a rotation in 
order to have his particle 3 in the state initially carried by particle 1. 
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4.2. Refutation of this Quantum Teleportation Scheme 

The point of this section is to demonstrate in the light of Sects. 2 and || that although absolutely essential to 
the Quantum Teleportation process, Step 3 cannot be performed by any measurement apparatus as it is actually 
irrelevant to Quantum Mechanics. 

First, it is important to stress the distinction between Step 2, an algebraic operation which doesn't change the 
physics behind the vector state — as Eq. (|35| ) is then simply rewritten in a more suggestive way — and Step 3, a 
physical measurement which strongly change the nature of the state — from the pure state of Eq. ( |37| ) to the mixture 
of states of Eq. (||). 

The point is that Step 3 is absolutely essential to complete a Quantum Teleportation scheme, that is, Step 2 
and Step 4 alone are not enough to guarantee the completion of the quantum teleportation process. Indeed, if the 
conditional spin flip Uc is applied (Step 4) directly on the initial pure state of Eq.(|37|) written in the Bell states 



basis (Step 2) instead of the mixture of Eq. (p9|), as is sometimes suggested in the literature 10 , then the result is 
radically different than the desired teleportation: 

K 23 ) = (Uc®*a){%uii® i 3 )^m) (44) 

= fie iBcll® 1 3 )!^123> (45) 

= (U c ® iaJIViaa), (46) 
as it is easy to check that Uc HbcII = Uc, and therefore: 

K23} = o|+) ® 1*23) + b\~) ® l*23> • (47) 

This is but a conditional spin flip applied on the initial state written in the spin states basis, not at all a teleportation 
scheme. Note that this problem does not arise when Uc is applied on the mixture p' 123 (i.e., after Step 3), as is done 
in Eq. (|4l|), since the conditional spin flip (fie <8> II3 ) is then by no means applied on ^123) but on the \ip' a ) states 
instead, leading indeed to a teleportation scheme. 

Therefore, being able to discriminate between the four Bell states - or even to discriminate just one Bell state || [Hj] 
- requires that the system hold by Alice is already in one of the four Bell states, which is not enough to perform a 
quantum teleportation: Alice must first find a way to reduce the pure state of Eq. ([37]) into the mixture of Eq. (|3S|). 

To perform the reduction of Step 3, a measurement represented by an observable having the four Bell states for 
eigenvectors must be performed on the system described by the pure state |"0i2 3 ). Indeed, according to the von 
Neumann reduction postulate, if a measurement represented in Hi <g> H2 by an observable having the four Bell states 
for eigenvectors is performed on the system \1p123), then one particular projection P a on the Bell states 

Pa = |*-)<*-|®fi 3 , (48a) 

A = |* + )(*+|® is, (48b) 

P c = |$-)($-|®i 3 , (48c) 

P d = |$+)($ + |®i 3 , (48d) 



occurs with the probability 



V a = (V>123|Wl2 3 ) = \, (49) 



and the corresponding final state of the whole system is 



Pa |-0123,' 



Wa) = , a ^ l ; il , (50) 
'(0123 1^123) 



which is one of the state of Eqs. (p8|), so that the system is indeed represented by the mixture of Eq. (|3£ 
In the literature, the well known operator supposed to achieve this task is the Bell operator ||, defined as 

#CHSH = ^( a x ® &x +cr z ® a z ). (51) 
Of course, as long as a x <g> a x and a z ® a z were understood as commuting observables sharing the Bell states as 



eigenvectors (as was the case in Sect. 3.1, and always the case in the literature), the Bell operator, which is a linear 



combination of thes e observables, appeared as an observable as well with the Bell states for eigenvectors. However, 



as seen in Sect. 3.1, these predictions are based on the use of correlation degeneracy and are therefore incorrect. It 



was demonstrated on the contrary in Sect. 3.2 that 



9 



• the Bell states are not eigenvectors of o~ x ® o~ x and a z ® a z . 

• o~ x ® o~x and a z o~ z are not commuting observables. 

Hence, the Bell states are a priori not eigenvectors of the Bell operator, and as a linear combination of non commuting 
observables, the Bell operator is a priori not even an observable. In particular it is definitely not equivalent to a 
a x (S> o~ x measurement followed by a a z ® o z measurement, unlike what is sometimes met in the literature |5[ 

Note that the proposition made by Fujii [[l4[ to circumvent the problem raised here with another linear combination 
such as (a x ®a x + 2a z (8 o z ) instead of the Bell operator is of no help: the problem arises for any linear combinations 
of a x ® a x and a z ® a z , since these observables do not commute and since their eigenvectors are not the Bell states. 

Mor e ge ner ally, discarding the use of correlation degeneracy - which is made necessary by the wrong predictions of 



Sects. 2.1 and BTL implies that the mere possibility of an observable having the Bell states for eigenvectors is physically 
meaningless, as it requires the very use of correlation degeneracy and all its corollary of wrong predictions. In other 
words, no observable has the Bell states for eigenvectors. Therefore, Step 3 is irrelevant to Quantum Mechanics, and 
no measurement is capable of triggering the reduction of the pure state of Eq. ( |37| ) into the mixture of Eq. (|3S|). 
Without this essential Step 3, the ideal scheme described in Sect. 4.1 is therefore incomplete, and cannot to lead to 
any Quantum Teleportation. 



CONCLUSION 



The inconsistency pointed out within Quantum Mechanics between the predictions derived from the use of corre- 
lation degeneracy (in Sect. |2.ip and the predictions derived fro m t he quantum postulates (in Sect. pT^ ) was solved 
by the introduction of joint eigenvalue representation (in Sect. 

tensor product observables was thus discarded. Applied to the Bell states (in Sect. 



The use of entangled states as eigenvectors of 
J), these results led to rather 

different predictions than those usually encountered in the literature. It was shown as a consequence (in Sect. |J) that 
since it requires the use of such entangled vectors as eigenvectors, the concept of Quantum Teleportation is therefore 
irrelevant to Quantum Mechanics. 
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